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ON NORMAL HOPF SUBALGEBRAS OF SEMISIMPLE
HOPF ALGEBRAS
SEBASTIAN BURCIU
Abstract. A criterion for subcoalgebras to be invariant under the
adjoint action is given generalizing Masuoka’s criterion for normal
Hopf subalgebras. At the level of characters, the image of the
induction functor from a normal Hopf subalgebra is isomorphic to
the image of the restriction functor.
Introduction
The character theory of semisimple Hopf algebras has been inten-
sively developed in the last thirty years. Many results analogous to
the classical theory of finite groups were obtained. For example, one of
the most important results was Zhu’s proof that the character ring of a
semisimple Hopf algebra is a semisimple ring [17]. A systematic study
of character theory for coalgebras was started in [7] and then continued
in [14], [15], as well as in other papers. An important updated reference
on results on character theory and its applications in classification of
semisimple Hopf algebras can be found in [13]. In the classification of
semisimple Hopf algebras an important role is played by normal Hopf
subalgebras. Recently it was proven that a Hopf subalgebra is normal
if and only if it is a depth two subalgebra [3]. One proof of this result
uses the character theory for normal Hopf subalgebras developed in [2].
This paper contains new results on the character theory of semisimple
Hopf algebras. We study at the character level, the induction functor
from a normal Hopf subalgebra of a semisimple Hopf algebra to the
whole Hopf algebra. An algebraic characterization of this functor is
obtained in this situation. It is also shown that at the level of characters
the images of the induction and restriction maps are isomorphic as
algebras. As in the group case a character, is in the image of the
restriction map if and only if it is invariant under the adjoint coaction.
Our approach uses the commuting pair of modules described in [18].
An important role in the proof of the above results is played by the
Research partially supported by PN-II-RU-PD-2009 CNCSIS grant
14/28.07.2010.
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module obtained by inducing the trivial module from H to the Drinfeld
double D(H).
The paper is organized as follows. In the first section we recall basic
results about semisimple Hopf algebras and its character ring.
In Section 2 we study co-normal ideals of a semisimple Hopf algebra
H . We show that a two sided ideal of a semisimple Hopf algebra H is
co-normal if and only if its character as left module is central in H∗.
This follows by duality from a description of all subcoalgebras ofH that
are invariant under the adjoint action. We prove that a subcoalgebra of
H is invariant under the adjoint action of H if and only if its character
as left (or right) H-comodule is central in H . This generalizes a well
known result of Masuoka stating that a Hopf subalgebra of H is normal
if and only if its integral is central inH [10]. The proof uses the Drinfeld
double D(H) and the commuting pair of modules from [18].
In the third section we prove few results about the induction functor
from a semisimple Hopf subalgebra K of H to H . This functor induces
a map at the level of character rings indHK : C(K) → C(H). Its image
is an ideal inside C(H). We also have an algebra map resHK : C(H)→
C(K) induced by the restriction functor. In these settings, Rieffel’s
equivalence relation from [16] is also described in terms of the center
of the Hopf algebra.
In the last section we consider the situation when K is a normal
Hopf subalgebra of H . We prove that the images of the restriction and
induction maps are isomorphic as algebras. Another description of this
image is given at the end of this section.
We work over an algebraically closed field k of characteristic zero.
For a vector space V by |V | is denoted the dimension of V . Unless oth-
erwise specified, all the modules are supposed to be left modules. The
comultiplication, counit and antipode of a Hopf algebra are denoted by
∆, ǫ and S, respectively. We use Sweedler’s notation ∆(x) =
∑
x1⊗x2
for all x ∈ H . All the other notations for Hopf algebras are those used
in [11]
1. Preliminaries
1.1. Characters of semisimple Hopf algebras. Throughout this
paper H will be a finite dimensional semisimple Hopf algebra over the
algebraically closed field k. Then H is also cosemisimple and S2 = Id
(see [8]). We use the notation ΛH ∈ H for the idempotent integral of H
( ǫ(ΛH) = 1) and tH ∈ H
∗ for the idempotent integral of H∗ (tH(1) =
1). Denote by Irr(H) the set of irreducible characters ofH and let C(H)
be the character ring of H . Then C(H) is a semisimple subalgebra of
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H∗ [17] and C(H) = Cocom(H∗), the space of cocommutative elements
of H∗. By duality, the character ring of H∗ is a semisimple subalgebra
of H and under this identification it follows that C(H∗) = Cocom(H).
If M is an H-module with character χ then M∗ is also an H-module
with character χ∗ = χ ◦ S. This induces an involution “ ∗ ” : C(H)→
C(H) on C(H).
If Irr(H) is the set of irreducible H-modules then from [11] it follows
that the regular character of H is given by the formula
(1.1) |H|t
H
=
∑
χ∈Irr(H)
χ(1)χ.
The dual formula is
(1.2) |H|Λ
H
=
∑
d∈Irr(H∗)
ǫ(d)d
One also has t
H
(Λ
H
) = 1
|H|
[8]. There is an associative nondegenerate
bilinear form on C(H) given by
(1.3) (χ, µ) = χµ(ΛH).
It follows that (χ, µ) = m
H
(χ, µ∗) where m
H
is the multiplicity form
on C(H). For two modules M and N of H one has m
H
(χM , χN) =
dimkHomH(M, N). The pairs {χ}χ∈Irr(H) and {χ
∗}χ∈Irr(H) form dual
bases with respect to ( , ).
Recall that a Hopf subalgebra K of a semisimple Hopf algebra H is
normal if
∑
h1xSh2 ∈ K for all h ∈ H and x ∈ K.
1.2. Properties of Fourier transform F . Let H be a semisimple
Hopf algebra. Then H∗ is a left and right H-module via (a ⇀ f)(b) =
f(ba) and (f ↼ a)(b) = f(ab). Similarly H is an H∗ left and right
H-module via f ⇀ a =
∑
f(a2)a1 and a ↼ f =
∑
f(a1)a2.
Let F : H → H∗ be the Fourier transform of H given by F(a) =
a ⇀ tH for all a ∈ H . It is well known that F is bijective [11]. The
inverse of F is given by
F−1(f) = |H|Sf ⇀ Λ
H
.
Lemma 1.4. Let K be a Hopf subalgebra of a semisimple Hopf algebra
H. Then
(1.5) H∗ = F(K)⊕K⊥.
Proof. Let i : K →֒ H be the canonical inclusion of K in H . Since
i∗ : H∗ → K∗ is a surjective Hopf map one has i∗(t
H
) = t
K
. On
the other hand the map i∗ is just restriction to K. It follows that
t
H
↓HK= tK . Suppose that f ∈ F(K) ∩ K
⊥. Then f = a ⇀ tH for
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some a ∈ K. Then 0 = f(x) = tH(ax) = tK(ax) for all x ∈ K.
Nondegeneracy of tK [9] implies a = 0 Thus f = 0. A dimension
argument finishes the proof. 
It is well known that the map F sends the center Z(H) of H into
the character ring C(H) of H [11].
Lemma 1.6. Let K be a Hopf subalgebra of a semisimple Hopf algebra
H. Then the following diagram
(1.7)
H
FH−−−→ H∗
i
x
yi∗
K
FK−−−→ K∗.
is commutative where i is the canonical inclusion.
Proof. As before i∗(t
H
) = t
K
where i∗ is just restriction map from H
to K. If a ∈ K then
(1.8) i∗(FH(i(a)) = i
∗(a ⇀ tH) = a ⇀ tK = FK(a)

2. The commuting pair of modules
Let H be a semisimple Hopf algebra. The Drinfeld double D(H)
of H is defined as follows: D(H) ∼= H∗cop ⊗ H as coalgebras. The
multiplication on D(H) is given by:
(2.1) (g ⊗ h)(f ⊗ l) =
∑
g(h1 ⇀ f ↼ S
−1h3)⊗ h2l.
Its antipode is given by S(f ⊗ h) = S(h)S−1(f). If H is semisimple
over k then D(H) is also semisimple and cosemisimple [11].
Consider the induced module fromH toD(H) given byA0 = D(H)⊗H
k. Then A0 ∼= H
∗ where the action is given by a.f(x) = f(
∑
S−1a2xa1)
and g.f = gf for all a, x ∈ H and f, g ∈ A∗. [6]
Via F , the module A0 can also be realized on H as following: x.a =∑
x1aS(x2) and f.x = x ↼ S
−1f =
∑
f(S−1x1)x2, see [5] for example.
Thus:
Proposition 2.2. The map F is an isomorphism of D(H)-modules.
It was proven by Zhu [18] that
(2.3) EndD(H)(A0) = C(H)
op
and the isomorphism is given by χ 7→ Rχ where Rχ is right multiplica-
tion by χ on H∗. Therefore the map
(2.4) C(H)→ EndD(H)(H
∗), χ 7→ RS(χ)
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is a ring isomorphism. Also the map
(2.5) C(H)→ EndD(H)(H), χ 7→ (S(χ)⇀ −)
is a ring isomorphism.
Let E1, E2, · · · , Es be the set of central primitive idempotents of
C(H). From the above facts it follows that the homogeneous D(H)-
components of H∗ are given by H∗Ei for all 1 ≤ i ≤ s.
Let Irr(H∗) be the set of irreducible characters of H∗. For any d ∈
Irr(H∗) let ξd ∈ H
∗ the primitive idempotent corresponding to d. It
can be checked that F(d) = 1
ǫ(d)
ξd∗ where d
∗ = S(d) (see also [11] for
the dual version.) It is also known that F sends the algebra C(H∗) to
the center Z(H∗) of H∗.
For a coalgebra C let Irr(C) be the set of irreducible H∗-characters
contained in C. Then d
C
=
∑
d∈Irr(C)
ǫ(d)d is the character of C as left
(or right) H-comodule.
Remark 2.6. Let C be a subcoalgebra of H. Then
(2.7) F(C) = ⊕d∈Irr(C)H
∗ξd.
Indeed it is enough to verify this equality for a simple subcoalgebra
C with character d. This follows since C = d ↼ H∗ and F is an
isomorphism of D(H)-modules.
2.1. Co-normal ideals. A vector subspace I of H is called co-normal
if
(2.8)
∑
Sv3v1 ⊗ v2 ∈ H ⊗ I
for all v ∈ I. (usually I will be an ideal.)
Let I be an ideal of H and π : H → H/I the canonical projection.
Then (H/I)∗ is a subcoalgebra of H∗ via π∗.
Proposition 2.9. Let I be an ideal of H. Then I is a co-normal ideal
if and only if the subcoalgebra (H/I)∗ is invariant under the adjoint
action H∗ on itself.
Proof. Note that (H/I)∗ = I⊥ inside H∗. (H/I)∗ is invariant under
the adjoint action of H∗ if and only if
∑
f1gS(f2) ∈ I
⊥ for all f ∈ H∗
and g ∈ I⊥. This is equivalent to (
∑
f1gS(f2))(x) = 0 for all f ∈ H
∗,
g ∈ I⊥ and x ∈ I. But (
∑
f1gS(f2))(x) = f(
∑
x1S(x3)g(x2)) which
implies that
∑
x1S(x3)g(x2) = 0 for all g ∈ I
⊥ and x ∈ I. This is
equivalent to
∑
x1S(x3)⊗ x2 ∈ H ⊗ I. 
Let A be any finite dimensional semisimple algebra over k andM be
an A-module. Recall that an A-submodule of M is called full isotopic
submodule of M if and only if it is a sum of homogeneous components
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of M . It is easy to see that N is a full isotopic submodule of M if and
only if it is fixed by any A-endomorphism of M .
Remark 2.10. Let A be a finite dimensional semisimple algebra over
an algebraically closed field of characteristic zero. Let x ∈ A be an
idempotent of A and e ∈ Z(A) be a central idempotent of A. Then
1) Ax is a two sided ideal of A if and only if x is central.
2) Ax = Ae if and only if x = e.
Theorem 2.11. A subcoalgebra C of H is invariant under the adjoint
action if and only if its character d
C
is central in H.
Proof. Suppose that C is a subcoalgebra of H invariant under the
adjoint action. Then C is a D(H)-submodule of H . Description
2.5 of the endomorphism ring of H shows that C is invariant un-
der any D(H)-endomorphism of H . Thus C is a full isotopic sub-
module of H . Since F is an isomorphism of D(H)-modules it fol-
lows that F(C) is also a full isotopic submodule of H∗. Therefore
F(C) = ⊕i∈XH
∗Ei = H
∗(
∑
i∈X Ei) for some set X . On the other hand
by Remark 2.6 one has F(C) = H∗(
∑
d∈Irr(C)
ξd). The previous remark
implies that
∑
d∈Irr(C)
ξd =
∑
i∈X Ei. It follows that
∑
d∈Irr(C)
ξd ∈ C(H)
and therefore
∑
d∈Irr(C)
ǫ(d)d∗ = F−1(
∑
d∈Irr(C)
ξd) is central in H . But
then d
C
= S(
∑
d∈Irr(C)
ǫ(d)d∗) is also central in H .
Conversely suppose that the character d
C
=
∑
d∈Irr(C)
ǫ(d)d is central
in H . It follows that F(d
C
) ∈ C(H). But F(d
C
) =
∑
d∈Irr(C)
ξd∗ is
a central element in H∗ and therefore a central character in C(H).
This implies that
∑
d∈Irr(C)
ξd∗ =
∑
i∈X Ei. Remark 2.6 implies that
F(C) =
∑
i∈X H
∗Ei. Thus F(C) is a D(H)-submodule of H
∗. Since F
is an isomorphism ofD(H)-modules this implies that also C is a D(H)-
submodule of H . Thus C is invariant under the adjoint action. 
Corollary 2.12. A two sided ideal I of H is co-normal if and only if
its character as left (or right) H -module is central in H∗.
Proof. By Proposition 2.9 (H/I)∗ is a normal subcoalgebra ofH∗. The-
orem 2.11 implies the conclusion by duality. 
3. General results on induction and restriction
Let K be a Hopf subalgebra of a semisimple Hopf algebra H . Then
the restriction functor from H to K defines an algebra map at the level
of characters ring
(3.1) resHK : C(H)→ C(K).
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Similarly, the induction functor from K to H induces a linear map
(3.2) indHK : C(K)→ C(H).
For an irreducible character α ∈ Irr(K) let fα be the central idem-
potent corresponding to α. Similarly if χ ∈ Irr(H) then eχ is the
corresponding central idempotent in H . Consider the commutative al-
gebra Z(H) ∩K as a subalgebra of Z(H) and Z(K). Then there are
partition of characters Irr(H) =
⊔s
i=1Ai and Irr(K) =
⊔s
i=1 Bi such
that a basis of primitive idempotents for the above algebra is given by
(3.3) mi =
∑
χ∈Ai
eχ =
∑
α∈Bi
fα.
Proposition 3.4. With the above notations
(3.5) (
∑
χ∈Ai
χ(1)χ) ↓HK=
|H|
|K|
∑
α∈Ai
α(1)α.
(3.6) (
∑
α∈Ai
α(1)α) ↑HK=
∑
χ∈Ai
χ(1)χ.
Proof. By formula 1.1 it follows that
(3.7) t
H
=
1
|H|
∑
χ∈Irr(H)
χ(1)χ.
This implies that FH(eχ) =
χ(1)
|H|
χ. Similarly FK(fα) =
α(1)
|K|
α. The
first statement follows from the commutativity of the diagram from
Proposition 1.6. Indeed,
(3.8)
1
|K|
∑
α∈Ai
α(1)α = FK(mi) = (FH(mi)) ↓
H
K= (
1
|H|
∑
χ∈Ai
χ(1)χ) ↓HK .
For the second equality note that
(3.9) (
∑
α∈Irr(K)
α(1)α) ↑HK=
∑
χ∈Irr(H)
χ(1)χ.
since both terms are the regular characters of H . Frobenius reciprocity
applied to the first equality of this Proposition implies the second equal-
ity. 
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3.1. Image of the induction map. The following result is Proposi-
tion 2 of [1]. It shows that the image of the induction map is a two
sided ideal in C(H). For a different proof of that see [4].
Lemma 3.10. Let K be a Hopf algebra of a semisimple Hopf algebra.
Let M be an H module and V a K-module. Then
(3.11) M ⊗ V ↑HK= (M ↓
H
K ⊗V ) ↑
H
K
and
(3.12) V ↑HK ⊗M = (V ⊗M ↓
H
K) ↑
H
K
Let ǫK the character of the trivial K-module. Let ǫK ↑
H
K be the
character corresponding to the trivial K-module induced to H .
Proposition 3.13. Let K be a Hopf subalgebra of a semisimple Hopf
algebra H. Then:
1)ǫ
K
↑HK C(H) ⊂ Im(ind
H
K)
2)F(K) ∩ C(H) ⊂ Im(indHK).
Proof. Put V = k, the trivial K-module, in the second formula of the
above lemma. In terms of the characters this becomes χǫ ↑HK= χ ↓
H
K↑
H
K
for all χ ∈ C(H). This implies that ǫ ↑HK C(H) ⊂ Im(ind
H
K).
Using the above notations, since F(K)∩C(H) = F(K ∩Z(H)) and
F is bijective it follows that F(mi) form a basis on C(H) ∩ F(K).
Proposition 3.4 shows that F(mi) are induced modules. 
4. Induction functor from normal Hopf subalgebras
4.1. Restriction to normal Hopf subalgebras. LetH be a semisim-
ple Hopf algebra over the algebraically closed field k and let K be a
normal Hopf subalgebra of H . Define an equivalence relation on the
set Irr(H) by χ ∼ µ if and only m
K
(χ ↓HK , µ ↓
H
K) > 0 (see also [16]).
This is the equivalence relation rH
∗
L∗, k
from [2] where L = H//K. It is
proven that χ ∼ µ if and only if
χ↓HK
χ(1)
=
µ↓HK
µ(1)
(see Theorem 4.3 of [2]).
Thus the restriction of χ and µ to K either have the same irreducible
constituents or they do not have common constituents at all. This
equivalence relation was also considered in [4] in order to define the
depth of a Hopf subalgebra.
The above equivalence relation determines an equivalence relation on
the set of irreducible characters of K. Two irreducible K-characters α
and β are equivalent if and only if they are constituents of χ ↓H
K
for
some irreducible character χ of H . Let C1, · · · Cs′ be the equivalence
classes of the equivalence relation defined on Irr(H). Let D1, · · ·Ds′
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be the corresponding equivalence classes of the equivalence relation
defined on Irr(K).
For each 1 ≤ i ≤ s′ put αi =
∑
α∈Di
α(1)α ∈ C(K) and ai =∑
χ∈Ci
χ(1)χ ∈ C(H).
The formulae from subsection 4.1 of [2] can be written as:
(4.1) χ ↓H
K
=
χ(1)
αi(1)
αi
for all χ ∈ Ci
and
(4.2) α ↑H
K
=
α(1)
ai(1)
|H|
|K|
ai
for all α ∈ Di.
Remark 4.3. Combining the above two formulae it can easily be seen
that α ↑H
K
↓HK↑
H
K=
|H|
|K|
α ↑H
K
for all α ∈ Irr(K).
Next proposition relates the partitions from the previous section and
those coming from the above equivalence relation.
Proposition 4.4. Let K be a normal Hopf subalgebra of a semisimple
Hopf algebra H. With the above notations one has
1) s = s′,
2) {C1, · · · , Cs} = {A1, · · · ,As},
3) {D1, · · · ,Ds} = {B1, · · · ,Bs}.
Proof. Let
(4.5) pi =
∑
α∈Di
f
α
for all 1 ≤ i ≤ s′. First we will show that pi =
∑
χ∈Ci
e
χ
for 1 ≤ i ≤ s′.
Since both terms of the previous equality are idempotents it is enough
to verify that any irreducible character of H takes the same value on
both terms. Formula 4.1 shows that χ(
∑
α∈Di
f
α
) = 0 if χ /∈ Ci. On
the other hand, if χ ∈ Ci then
(4.6)
χ(
∑
α∈Di
f
α
) =
∑
α∈Di
m(α, χ ↓HK)α(fα) =
∑
α∈Di
m(α, χ ↓HK)α(1) = χ(1)
and the equality is proved.
Thus each element pi =
∑
α∈Di
f
α
belongs to Z(H) ∩ K. Since
these elements are idempotent each of them is a sum of some of the
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primitive idempotents mj of Z(H) ∩ K. But Proposition 3.4 shows
that if α ∈ Bi and β ∈ Bj with i 6= j then α ≁ β. Thus each element
pi coincide with one of the primitive idempotents mj defined above.
Since
∑s′
i=1 pi =
∑s
i=1mi it also follows that any mj coincide with one
of the idempotents pi. This fact implies all three equalities. 
Next Proposition is an improvement of Proposition 3.13 in the case
of a normal Hopf subalgebra.
Proposition 4.7. If K is a normal Hopf subalgebra of a semisimple
Hopf algebra H then ǫ ↑HK C(H) = Im(ind
H
K) = F(K) ∩ C(H)
Proof. By Proposition 3.4 it follows that ai ∈ F(K) ∩ C(H) for all
1 ≤ i ≤ s. Since
(4.8) α ↑HK=
α(1)
ai(1)
ai
for α ∈ Ci this shows that that Im(ind
H
K) ⊂ F(K) ∩ C(H). Then the
second item of Proposition 3.13 implies Im(indHK) = F(K) ∩ C(H).
On the other hand using Lemma 3.10 and Remark 4.3 one has
(4.9) (α ↑HK)ǫK ↑
H
K= (α ↑
H
K↓
H
K) ↑
H
K=
|H|
|K|
α ↑HK
which shows that Im(indHK) ⊂ ǫ ↑
H
K C(H). The first item of Proposition
3.13 implies Im(indHK) = ǫ ↑
H
K C(H).

Proposition 4.10. Let K be a normal Hopf subalgebra of H. Then
F(K) and K⊥ are full isotopic submodules of H∗ and the decomposition
H∗ = F(K)⊕K⊥.
of Proposition 1.4 is a decomposition of D(H)-modules.
Proof. It can be checked directly that K is a submodule of H realized
as before. Since EndD(H)(H) = C(H) and K is stabilized by any
endomorphism of H it follows that K is a full isotopic submodule H .
It also can be checked that K⊥ is stabilized by any endomorphism of
H∗. 
4.1.1. General Lemma.
Lemma 4.11. Suppose A is a finite dimensional semisimple algebra
and M is a finite dimensional A-module. Moreover suppose that M =
M1 ⊕M2 where M1 and M2 are full isotopic submodules of M . Then
the following are true:
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(1)
EndA(M) ∼= EndA(M1)⊕ EndA(M2)
as k-algebras
(2)
EndA(M1) = {F ∈ EndA(M) | F (M2) = 0}
Proposition 4.12. Let K be a normal Hopf subalgebra of H. Then:
(1)
EndD(H)(K) = {χ ∈ C(H) |
∑
a1χ(Sa2) ∈ K for all a ∈ H }
(2)
EndD(H)(K
⊥) = {χ ∈ C(H) |
∑
x1χ(S(x2)) = 0 for all x ∈ K }
Proof. 1) The above Lemma for the decomposition of Proposition 4.10
implies that
(4.13) EndD(H)(K) = {χ ∈ C(H) |K
⊥RS(χ) = 0 }
Since (fS(χ))(a) = f(
∑
a1χ(S(a2))) it follows that f(
∑
a1χ(S(a2))) =
0 for all f ∈ K⊥. Thus
∑
a1χ(S(a2)) ∈ K
⊥⊥ = K
2) From the above Lemma it also follows that EndD(H)(K
⊥) = {χ ∈
C(H) |S(χ)⇀ K = 0} which is exactly the set mentioned above. 
Define
(4.14) C1H(K) = {χ ∈ C(H) |
∑
a1χ(S(a2)) ∈ K for all a ∈ H }
and
(4.15) C2H(K) = {χ ∈ C(H) |
∑
x1χ(S(x2)) = 0 for all x ∈ K }.
Then the above lemma implies that
(4.16) C(H) = C1H(K)⊕ C
2
H(K)
as k-algebras.
Remark 4.17. Note that C2H(K) = C(H) ∩K
⊥ = ker(resHK). Indeed,
if χ ∈ C2H(K) then it follows χ(Sx) = 0 for all x ∈ K. The other
inclusion is immediate.
Recall the definition of ξd as the central primitive idempotent of H
∗
corresponding to the irreducible character d ∈ irr(H∗).
Lemma 4.18. Let K be a normal Hopf subalgebra of a semisimple
Hopf algebra H. Then
(4.19) ǫ
K
↑HK=
|H|
|K|
∑
d∈Irr(K∗)
ξd.
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Proof. Since ΛK is a central element of H it follows that
(4.20) ΛK =
∑
χ∈A
eχ
for some subset A ⊂ Irr(H). Applying F to this equality one gets that:
(4.21) F(ΛK) =
1
|H|
∑
χ∈A
χ(1)χ.
On the other hand Proposition 3.4 implies that
(4.22) (
∑
χ∈A
χ(1)χ) ↓HK=
|H|
|K|
ǫK .
The same Proposition implies that all the other characters of H
that are not contained in A do not contain ǫK when restricted to K.
Frobenius reciprocity then gives
(4.23) ǫ
K
↑HK=
∑
χ∈Irr(H)
mK(χ ↓
H
K , ǫK) =
∑
χ∈A
χ(1)χ.
Thus ǫ
K
↑HK= |H|F(ΛK).
On the other hand, since ΛK =
1
|K|
∑
d∈Irr(K∗) ǫ(d)d
and F(d) = ξd∗
ǫ(d)
one can write
(4.24) F(ΛK) =
1
|K|
∑
d∈Irr(K∗)
ξd∗ =
1
|K|
∑
d∈Irr(K∗)
ξd.
Thus
(4.25) ǫ
K
↑HK=
|H|
|K|
∑
d∈Irr(K∗)
ξd.

Since H is cosemisimple it is the sum of its simple subcoalgebras.
These subcoalgebras are in bijective correspondence with the irreducible
H∗-characters [7]. Since k is algebraically closed, if d ∈ Irr(H∗) then
its associated subcoalgebra Cd is a matrix coalgebra. This means that
Cd has a k- basis {x
d
ij}1≤i,j≤q such that
(4.26) ∆(xdij) =
q∑
l=1
xdil ⊗ x
d
lj
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and ǫ(xij) = δi,j for all 1 ≤ i, j ≤ q. Moreover ǫ(d) = q and the
irreducible character d is given by d =
∑q
i=1 x
d
ii. Therefore one can
write
(4.27) H = ⊕d∈Irr(H∗)Cd
which shows that xdij form a k-basis for H . Clearly Irr(K
∗) ⊂ Irr(H∗)
and
(4.28) H = ⊕d∈Irr(K∗)Cd.
On the other hand, by its definition it follows that ξd(x
d′
ij) = δd, d′δi, j
for all d, d′ ∈ Irr(H).
Remark 4.29. Note that the condition χ ∈ C1H(K) is equivalent to
χ(xdij) = 0 for all d ∈ Irr(H
∗) \ Irr(K∗). This can be seen from formula
4.26.
Theorem 4.30. Let K be a normal Hopf subalgebra of H and indHK :
C(K)→ C(H) be the character map induced by the induction functor.
Then
(4.31) C1H(K) = im(ind
H
K).
Proof. Formula 4.19 together with 4.26 show that ǫ
K
↑HK χ ∈ C
1
H(K)
for all χ ∈ C(H). Indeed for a basis element a = xduv the identity from
the definition 4.14 of C1H(K) is verified since the element
∑
a1χ(S(a2))
is zero if d /∈ Irr(K∗). Obviously
∑
a1χ(S(a2)) ∈ K if d ∈ Irr(K
∗).
Proposition 4.7 implies im(indHK) = ǫK ↑
H
K C(H) ⊂ C
1
H(K). On the
other hand it will be checked that if χ ∈ C1H(K) then χǫK ↑
H
K=
|H|
|K|
χ
which shows the other inclusion. The equality χǫ
K
↑HK=
|H|
|K|
χ is verified
by evaluating both terms on the basis elements xdij of H . If d /∈ Irr(K
∗)
then both evaluations are zero by Remark 4.29. On the other hand if
If d ∈ Irr(K∗) then the evaluations are equal from the definition of ξd
and the formula for ǫ
K
↑HK given in Lemma 4.19. 
Corollary 4.32. Let K be a normal Hopf subalgebra of a semisimple
Hopf algebra H. Then im(indHK) and im(res
H
K) are isomorphic as k-
algebras.
Proof. Since C2H(K) = ker(res
H
K) it follows that the image of the restric-
tion map is isomorphic to C(H)/C2H(K)
∼= C1H(K) as k-algebras. 
4.2. Primitive idempotents for commutative character rings.
In this subsection we will give another description for the basis of cen-
tral primitive idempotents of C(H) considered in Section 2.
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Proposition 4.33. Let V ⊕W = H be a decomposition of H as direct
sum of two Drinfeld submodules of H. Define p
V
to be the unique linear
functional on H that equals ǫ
H
on V and 0 on W . Similarly define p
W
.
Then p
V
and p
W
are orthogonal idempotents of the character ring of
H.
Proof. Suppose x ∈ V . One has p2
V
(x) = p
V
(x1)pV (x2) = pV (x1)ǫ(x2) =
p
V
(x) since ∆(x) ∈ H ⊗ V . On the other hand if x ∈ W then
∆(x) ∈ H ⊗ W and therefore p2
V
(x) = p
V
(x1)pV (x2) = 0 = pV (x).
Thus p2
V
= p
V
. It remains to show that p
V
is a character. For this
it is enough to show that p
V
(ab) = p
V
(ba) for all a, b ∈ H . It is
enough to show that p
V
(h1xSh2) = ǫ(h)pV (x) for all h, x ∈ H . If
x ∈ V then p
V
(h1xSh2) = ǫ(h1xSh2) = ǫ(h)ǫ(x) = ǫ(h)pV (x). If
x ∈ W then p
V
(h1xSh2) = 0 = ǫ(x)pV (x). It is easy to see that
p
V
p
W
= p
W
p
V
= 0. 
Theorem 4.34. Let H = V1 ⊕ V2 · · ·Vs be the decomposition of H as
sum of homogeneous D(H)-modules. Then {p
Vi
} is the complete set of
central primitive orthogonal idempotents of C(H).
Proof. Since EndD(H)(H) = C(H) it follows that s = dimkZ(C(H)).
Since F−1 is a morphism ofD(H) -modules one has that Vi = S(H
∗Ei) ⇀
Λ where E1, · · ·Es is the complete set of central idempotents of C(H).
Then it can be checked that for any f ∈ A∗ one has < SEi, S(fEi) ⇀
Λ >= ǫH(S(fEi) ⇀ Λ) and < SEi, S(fEj) ⇀ Λ >= 0 for i 6= j. This
shows that SEi = pVi . 
Next we will compute the image of these primitive idempotents under
the restriction map resHK : C(H) → C(K). Suppose that K = ⊕
s′
i=1Wi
is a decomposition of K in homogeneous components as D(K)-module.
Denote the corresponding central idempotents of C(K) as given in the
previous Theorem by q
Wi
. Then we have the following:
Proposition 4.35. Let K be a normal Hopf subalgebra of a semisimple
Hopf algebra H and V ⊂ H a D(H)-submodule of H.
1) If V ∩K = 0 then resHK(pV ) = 0.
2) If V ⊂ K then V can also be regarded as D(K)-module and one
may suppose that V = ⊕ri=1Wi as D(K) module. Then
(4.36) resHK(pV ) = ⊕
r
i=1qWi .
Proof. Note that since V is simple as D(H)-module it follows from
4.10 that either V ⊂ K or V ∩ K = 0. The rest of the proof is
straightforward. 
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Examples: 1. Consider H = kG. Then it is known that the simple
D(H)-submodules of H are of the form kC := k < g | g ∈ C > where C
runs through all conjugacy classes of G. Thus in this case p
V
= p
C
is
the usual characteristic class function on C.
Let now K = kN with N a normal subgroup of G. Clearly if C∩N 6=
0 then C ⊂ N and C is a union of conjugacy classes of N in this case.
The character ring decomposition from 4.16 becomes the following
in this case:
C1H(K) =< pC | C ⊂ N >
and
C2H(K) =< pC | C ∩N = ∅ > .
2. Let H be a semisimple Hopf algebra with C(H) commutative and
let K be a normal Hopf subalgebra of H with C(K) also commuta-
tive. Using the above Proposition, it follows that the character ring
decomposition from 4.16 is similar to the previous one, namely:
C1H(K) =< pV | V ⊂ K >
and
C2H(K) =< pV | V ∩K = 0 > .
4.3. Image of the restriction map. It will be shown that a character
of K is in the image of the restriction map if and only if it is invariant
under the adjoint coaction. This generalizes a well known result from
group algebras.
Theorem 4.37. Let K be a normal Hopf subalgebra of a semisimple
Hopf algebra H. The image of the restriction map resHK is isomorphic
as k-algebras with the subalgebra of C(K) spanned by
(4.38) {f ∈ K∗|f(
∑
a1xS(a2)) = ǫ(a)f(x) for all a ∈ A, x ∈ K}.
Proof. Clearly the image of the restriction lies in the space
{f ∈ K∗|f(
∑
a1xS(a2)) = ǫ(a)f(x) for all a ∈ A, x ∈ K}.
Let v be a linear functional of this space. It follows that v ⇀ is an
endomorphism of K as D(H)-module. Indeed for all a ∈ H and x ∈ K
one has that:
v ⇀ (a.x) =
∑
v ⇀ a1xS(a2) =
∑
a1x1S(a4)v(a2x2S(a3) =
=
∑
a1x1S(a2)v(x2) = a.(v ⇀ x)
16 SEBASTIAN BURCIU
Also it can be checked that v ⇀ (f.x) = f.(v ⇀ x) for all x ∈ K and
f ∈ H∗. Indeed,
v ⇀ (f.x) = v ⇀
∑
f(Sx1)x2 =
∑
f(Sx1)x2v(x3).
On the other hand,
f.(v ⇀ x) =
∑
f.v(x2)x1 =
∑
f(Sx1)x2v(x3).
Since EndD(H)(H) = C(H) andK is a a full isotopicD(H)-submodule
of H it follows that there is χ ∈ C(H) such that v ⇀ = χ ⇀ on K.
This implies that v = χ ↓HK . 
Examples: 1. We start again with the example of normal sub-
groups. Let G be a finite group and N a normal subgroup of G. If V
is an irreducible N -module then
V ↑G
N
↓G
N
= ⊕si=1
giV
where gV is a conjugate module of V and {gi}i=1, s is a set of repre-
sentatives for the left cosets of N in G. For g ∈ G the H-module gV
has the same underlying vector space as V and the multiplication with
h ∈ N is given by h.v = (g−1hg)v for all v ∈ V .
If V and V ′ are equivalent modules under the equivalence relation
described in the previous section then their restriction to N are scalar
multiple one of the other.
Thus the characters of the modules ⊕si=1
giV form a basis for the
restriction image resGH : C(G) → C(N) when V runs through the
representatives of all the equivalence classes of the above equivalence
relation.
2. Consider an exact sequence of Hopf algebras:
(4.39) k −−−→ K
i
−−−→ H
π
−−−→ kG −−−→ k
where G is a finite group.
Then G acts on the irreducible characters of K as following. Let
g ∈ G and h ∈ H with π(h) = g. If χ ∈ Irr(K) then define the
character
(4.40) gχ(x) := χ(h1xS(h2))
for all x ∈ K. This actions is also described in other papers in the
literature. For example, a description at the level of modules is given
in [12], page 3.
Then the previous Theorem implies that the characters
∑
g∈G
gχ
form a basis for the image of the restriction map resHK when χ runs
through runs through all the representatives of the classes of the above
equivalence relation.
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